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We perturbatively determine 0(a) boundary improvement coefficients at 1-loop for the Schrodinger Functional 
coupling with improved gauge actions. These coefficients are required to implement the 1-loop 0(a) improvement 
in full QCD simulations for the coupling with the improved gauge actions. To this order, lattice artifacts of the 
step scaling function (SSF) for each improved gauge action are also investigated. Furthermore, we investigate the 
effect of the 1-loop 0(a) improvement to the SSF in numerical simulations of the pure SU(3) gauge theory. 



1. Introduction 

Recently CP-PACS/JLQCD Collaborations 
have started the project for Nf — 3 QCD simula- 
tions. One of the targets in the project is to eval- 
uate the strong coupling constant ajj^ in A'f = 3 
QCD using the the Schrodinger Functional (SF) 
scheme proposed by the ALPHA Collaboration 
[1]. In the project the RG improved gauge ac- 
tion[2] has been employed to avoid the strong lat- 
tice artifacts found for the plaquette gauge action 
for Nf = 3 simulations [3] . 

In this report, as a first step toward the eval- 
uation of aj^, we study the SF coupling with 
improved gauge actions including the plaquette 
and rectangle loops in perturbation theory. In 
particular, the 0(a) boundary improvement coef- 
ficients are determined at 1-loop level for various 
improved gauge actions. More detailed explana- 
tions concerning the perturbative calculations can 
be found in [4]. Finally we examine the scaling 
behavior of the SSF in numerical simulations of 
the pure SU(3) gauge theory at the weak coupling 
region with tree or 1-loop 0{a) improvement co- 
efficients. 



proved gauge actions including the plaquette (iSo) 
and rectangle(5i) loops: 

^imp[C/] = -5]5]M^»(C,.go')2/:(C). (1) 

^0 1=0 ceSi 

We refer to ref. [4] for the unexplained notations. 
The assignment of the weight factor Wi{C,gQ) is 
important to achieve the 0(a) improvement in 
the SF scheme. We assign Wi{C,gQ) — Ci(co -I- 
8ci=l) for all loops except for the ones near the 
boundary in the time direction. The assignments 
at the t — boundary are shown in the Fig.l. 
At the t ~ L boundary, similar assignments hold. 
The 0(a) boundary improvement coefficients are 
given by 

coc^igl) = co(l + c^^'^gl + O(5o')), (2) 
cic^ial) = ci(3/2 + c^<^'^gl + 0(30^)), (3) 

where the leading terms necessary for the tree- 
level 0(a) improvement is taken from [6]. Our 
task is the determination of 1-loop terms to 
achieve the 1-loop 0(a) improvement. 



2. Set up 

We use the same SF set up as in the case of 
Wilson plaquette action[5], except for the form 
of the action. The action we employ is the im- 
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Figure 1. The assignments near the boundary. 



The SF coupling is defined through the free en- 
ergy of the system F 



(4) 



where F' is the derivative with respect to the 
background field parameter ij. T'q is a normaliza- 
tion constant. Using the redundant degree of free- 
dom, we take q — 2q ^ ' without loss of gen- 
erality, then the perturbative expansion ofggp{L) 
is given by 



fsFiL) = g'o+m\'\L/a)g^,+Oigl), 



m 



(1) 



(L/a) = -{2a/L)c^^'^ + m>^\L/a), 



(5) 
(6) 



where raf\L/a) is the 1-loop correction with the 
tree- level 0(a) boundary coefficients. The detail 
of the calculation of m[°^(L/a) will be given in 
the next section. The value of q ^ ' is determined 
by the improvement condition that the dominant 
part of the scaling violation of m^i\L/a) should 
be proportional to {a/Vf. 

3. Results 

In the following, we set I — L/a. We evaluate 
the 1-loop correction mi°^ (7) numerically for the 
Iwasaki action (ci = —0.331), the Liischer-Weisz 
(LW) action (ci = -1/12) and the DBW2 action 
(ci = -1.40686) in the range that / = 6, • • • , 48. 

Symanzik's analysis suggests that the ■mf\l) 
has an asymptotic expansion such that 



m 



(0) 



^[^„ + i?„ln(/)]/(/)". 



(7) 



n=0 



Using the blocking method [7], we extracted the 
first few coefficients Aq, Bq, Ai, Bi and estimated 
their errors. As a check we numerically confirm 
the expected relations that Bi = and Bq = 2bo, 
where ho is the 1-Ioop coefficient of the func- 
tion, for various improved gauge actions. Further- 
more, as seen in the Table 1, Aq extracted from 
(7) agree with A'^^, estimated from the ratio of 
the A parameter in [5,8] and Aq for the plaquette 
action [5]. With these confidences in our compu- 
tation, the main result, the 1-loop term of the 
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Figure 2. The lattice cutoff dependence of the 
1-loop deviations for each degree of improvement 
and for various gauge actions. 

0(a) boundary improvement coefficient, is given 



by ct 



p(i) 



Ai/2, where Ai is found in Table 1. 



Now let us discuss the lattice artifact of the step 
scaling fmiction (SSF). The relative deviation of 
the lattice SSF S(2,?i, 1/7) from the continuum 
SSF cr(2, u) = g2(2L)|g2(i)^„ is given by 

5(2, w, 1/7) = [E(2,^/,l/7)-a(2,u)]/a(2,u) 
= 6['\2,l/I)u + 0{u% (8) 



5f ^(2, 1/7) = m\'"{21) - mni) - 26oln(2), (9) 

where the k denotes the degree of the improve- 
ment. The results of S['^\2,l/I), including data 
of the plaquette action [5] for comparison, are 
given in Fig. 2. As is evident from Fig. 2, the lat- 
tice artifact for the RG improved gauge actions 
(Iwasaki or DBW2) is comparable to or larger 
than that for the plaquette action, while the LW 
action is the least affected by the lattice artifact. 
It is also seen that the 1-loop deviation is much 
reduced by the 1-loop improvement, so that it is 
roughly proportional to {a/L)^. 

4. Discussions 

Using the 0(a) improvement coefficients ob- 
tained in the previous section, the CP-PACS col- 
laboration is currently calculating the SSF non- 
perturbatively. The preliminary results at the 
weak coupling region(M = 0.9944) are given in 
the Fig. 3 as a function of a/L, where the data for 
the plaquette action[5] are included for the com- 
parison. The scaling violation for the LW action 
is very small even in the tree improvement, and 
the 1-loop improvement has almost no effect. The 



Table 1 





plaquette action 


Iwasaki action 


LW action 


DBW2 action 




0.36828215(13) 


-0.2049015(4) 


0.136150567(6) 


-0.62776(8) 


^exp 




-0.1999(24) 


0.13621(26) 


-0.62 


il 


-0.17800(10) 


0.30360(26) 


-0.005940(2) 


0.896(45) 



Aq, Ai for various gauge actions. The values for plaquette action arc taken from [5]. Since the error of 
A^^ for DBW2 action is not given, the quoted digits are of little significance. 



scaling violation for the plaquette action with the 
1-loop improvement is also small. On the other 
hand, the Iwasaki action has larger scaling vio- 
lation in the tree level improvement. The 1-loop 
improvement reduces it at / = 8, while the scaling 
violation becomes larger at / = 4. This behav- 
ior may be understood in perturbation theory as 
follows. 

By using the 1-loop deviation, the lattice arti- 
facts of SSF can be estimated by /o and /i for 
each degree of improvement. 



/0(1//, U) = (7cont(2, U){1 + S[°^ (2, 1/I)U), 

/i(l//, u) = aeont(2, u){l + d[^\2, 1/I)u), 



(10) 

(11) 



where c7cont(2, m) = 1.11- Fig. 4 shows that not 
only the behavior but also the magnitude of the 
scaling violation for the non-perturbative SSF are 
consistent with the perturbative estimates. In 
order to check whether this property holds at 
stronger coupling region, we are currently calcu- 
lating the SSF non-perturbatively at u = 2.4484. 
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Figure 3. The lattice cutoff dependence of SSF 
for various actions at u = 0.9944. 
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Figure 4. The lattice cutoff dependence of SSF 
for the Iwasaki action at u = 0.9944. 
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